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A CONJECTURE OF STANLEY ON ALTERNATING
PERMUTATIONS
ROBIN CHAPMAN AND LAUREN K. WILLIAMS
Abstrat. We give two simple proofs of a onjeture of Rihard Stanley
onerning the equidistribution of derangements and alternating permutations
with the maximal number of xed points.
1. Introdution
We write [n] = {1, . . . , n} and Sn for the set of permutations of [n]. A permu-
tation is alternating if a1 > a2 < a3 > a4 < . . . . Similarly, dene w to be reverse
alternating if a1 < a2 > a3 < a4 > . . . .
In [2℄, Rihard Stanley used the theory of symmetri funtions to enumerate
various lasses of alternating permutations w of {1, 2, . . . n}. One lass that he
onsidered were alternating permutations w with a speied number of xed points.
Write dk(n) (respetively, d
∗
k(n)) for the number of alternating (respetively,
reverse alternating) permutations in Sn with k xed points.
As observed in [2℄, it is not hard to see that
max{k : dk(n) 6= 0} = ⌈n/2⌉, n ≥ 4
max{k : d∗k(n) 6= 0} = ⌈(n+ 1)/2⌉, n ≥ 5.
Stanley onjetured the following in [2℄.
Conjeture 1. [2, Conjeture 6.3℄ Let Dn denote the number of derangements
(permutations without xed points) in Sn. Then
d⌈n/2⌉(n) = D⌊n/2⌋, n ≥ 4
d∗⌈(n+1)/2⌉(n) = D⌊(n−1)/2⌋, n ≥ 5.
In this note we will give two proofs of his onjeture relating the number of
derangements to the number of alternating permutations with the maximal number
of xed points. Both proofs use the same bijetion Ψ. The rst proof works diretly
with permutations and shows that Ψ is injetive and surjetive. The seond proof
works with permutation tableaux, ertain tableaux whih are naturally in bijetion
with permutations, and expliitly onstruts the inverse to Ψ. The bijetion (for
alternating permutations) is illustrated in Figure 1, in terms of both permutations
and permutation tableaux.
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Figure 1. The bijetion Ψ for n = 8
2. The first proof
As we will show subsequently, the main ase that one needs to onsider onerns
alternating permutations on an even number of letters.
Theorem 2. For eah nonnegative integer m
dm(2m) = Dm.
Proof. Let Am denote the set of alternating permutations of [2m] with exatly m
xed points and let Dm denote the set of derangements of [m]. We shall dene an
expliit bijetion Ψ : Am → Dm.
Let pi ∈ S2m be an alternating permutation. We partition the set [2m] into m
two-element subsets I1, . . . , Im by setting Ij = {2j − 1, 2j}. As pi is alternating,
pi(2j − 1) > pi(2j) and so 2j − 1 and 2j annot both be xed points of pi. Hene pi
has at most m xed points, and if pi ∈ Am then pi xes exatly one point in eah Ij
and moves the other point. Write Ij = {aj , bj} where pi(aj) = aj and pi(bj) 6= bj.
Thus pi permutes the bj with no xed points, that is there is a unique derangement
σ ∈ Dm with pi(bj) = bσ(j). Set Ψ(pi) = σ.
To prove that Ψ is a bijetion we prove that it is injetive and surjetive. Suppose
pi ∈ Am and Ψ(pi) = σ. If σ(j) > j then
pi(bj) = bσ(j) ≥ 2σ(j)− 1 > 2j ≥ aj = pi(aj).
As pi is dereasing on Ij then bj = 2j − 1 and aj = 2j. Similarly if σ(j) < j then
aj = 2j − 1 and bj = 2j. Hene σ determines the aj and bj. Then as pi(aj) = aj
and pi(bj) = bσ(j) then σ also determines pi. Thus Ψ is injetive.
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To prove Ψ is surjetive take σ ∈ Dm. Dene
(aj , bj) =
{
(2j − 1, 2j) if σ(j) < j,
(2j, 2j − 1) if σ(j) > j.
Then eah element of [m] is labelled as either an aj or a bj . Dene pi ∈ S2m by
pi(aj) = aj and pi(bj) = bσ(j). As σ is a derangement then pi has exatly m xed
points. We laim that pi is alternating. First of all if σ(j) < j then
pi(2j) = pi(bj) = bσ(j) ≤ 2σ(j) < 2j − 1 = pi(2j − 1).
A similar argument works also when σ(j) > j. We also need to prove that pi(2j) <
pi(2j + 1) for 1 ≤ j ≤ m − 1. Now as pi(2j) < pi(2j − 1) and one of pi(2j) = 2j
and pi(2j − 1) = 2j − 1 holds then pi(2j) ≤ 2j. Similarly pi(2j + 1) ≥ 2j + 1.
Hene pi(2j) < pi(2j + 1) and pi is alternating. It follows that pi ∈ Am and learly
Ψ(pi) = σ. Hene Ψ is a bijetion and this onludes the proof. 
Regarding a permutation as the list of its values we an desribe the ation of
Ψ in a simple way. Take a permutation pi ∈ Am and rst delete all xed points.
Then replae eah number k in the remaining list by ⌈k/2⌉. For example take
pi = 52318674. Deleting its xed points gives 5184, and halving and rounding up
eah entry gives Ψ(pi) = 3142.
The remaining ases are simple onsequenes of this.
Theorem 3. For eah positive integer m
d∗m+1(2m) = Dm−1
and
dm(2m− 1) = d
∗
m(2m− 1) = Dm−1.
Proof. A reverse alternating permutation of [2m] having m + 1 xed points must
x 1 and 2m. Also it restrits to an alternating permutation of {2, . . . , 2m − 1}
with m− 1 xed points and so d∗m+1(2m) = dm−1(2m− 2) = Dm−1. Conjugating
with the reversal permutation ρ : j 7→ 2m− j of [2m− 1] interhanges alternating
permutations in S2m−1 with m xed points with reverse alternating permutations
in S2m−1 withm xed points. Hene dm(2m−1) = d
∗
m(2m−1). Also an alternating
permutation of [2m− 1] with m xed points must x 2m− 1 and so restrits to an
alternating permutation of [2m− 2] with m− 1 xed points. Hene dm(2m− 1) =
dm−1(2m− 2) = Dm−1. 
3. Permutation Tableaux
A partition λ = (λ1, . . . , λk) is a weakly dereasing sequene of nonnegative
integers. For a partition λ, the Young diagram Yλ of shape λ is a left-justied
diagram of boxes, with λi boxes in the i-th row.
A permutation tableau T [1, 3℄ is a partition λ together with a lling of eah box
of Yλ with either a (blak) dot or nothing suh that the following holds:
(1) Eah olumn of Yλ ontains at least one dot.
(2) There is no empty box whih has a dot above it in the same olumn and a
dot to its left in the same row.
Figure 2 gives an example of a permutation tableau.
We now reall the bijetion Φ from permutation tableaux to permutations. More
preisely, Φ is a bijetion from the set of permutation tableaux with k rows and
4 ROBIN CHAPMAN AND LAUREN K. WILLIAMS
5
3
2
1
8 7 6
4
Figure 2. The diagram of a tableau.
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Figure 3. The paths taken by 1 and 6: pi(1) = 7, pi(6) = 2.
n−k olumns to permutations in the symmetri group Sn with k weak exedanes.
Here, a weak exedane of a permutation pi is a value pi(i) suh that pi(i) ≥ i. If
we dene the semiperimeter of a tableau to be the number of olumns plus the
number of rows, then Φ maps the set of permutation tableaux of semiperimeter n
to permutations in Sn.
We dene the diagram D(T ) assoiated with T as follows. Label the edges of the
northeast border of the Young diagram with the numbers from 1 to n, as in Figure
2. From eah blak dot v, draw an edge to the east and an edge to the south; eah
suh edge should onnet v to either a losest vertex in the same row or olumn,
or to one of the labels from 1 to n. The resulting piture is the diagram D(T ).
We now dene the permutation pi = Φ(T ) via the following proedure. For eah
i ∈ {1, . . . , n}, nd the orresponding position on D(T ) whih is labeled by i. If
the label i is on a vertial step of P , start from this position and travel straight
west as far as possible on edges of D(T ). Then, take a zig-zag path southeast, by
traveling on edges of D(T ) south and east and turning at eah opportunity (i.e. at
eah new vertex). This path will terminate at some label j ≥ i, and we let pi(i) = j.
If i is not onneted to any edge then we set pi(i) = i. Similarly, if the label i is on
a horizontal step of P , start from this position and travel north as far as possible
on edges of D(T ). Then, as before, take a zig-zag path south-east, by traveling
on edges of D(T ) east and south, and turning at eah opportunity. This path will
terminate at some label j < i, and we let pi(i) = j.
See Figure 3 for a piture of the path taken by i.
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Example 4. If T is the permutation tableau whose diagram is given in Figures 2
and 3, then Φ(T ) = 74836215.
The following lemma is lear from the onstrution above.
Lemma 5. [3℄ The positions of the weak exedanes of pi = Φ(T ) are preisely the
labels on the vertial edges of P . The positions of non-exedanes of pi are preisely
the labels on the horizontal edges of P . Furthermore, in Φ(T ), the letter i is a xed
point if and only if the row in T whose right hand edge is labeled by i does not
ontain any dots (is empty").
4. The seond proof
Let ATn(2n) denote the set of permutation tableaux orresponding to alternating
permutations in S2n with n xed points, and let DT (n) denote the set of permu-
tation tableaux orresponding to derangements in Sn. We will desribe Ψ on the
level of tableaux and prove that it is a bijetion between ATn(2n) and DT (n).
By Lemma 5, the setDT (n) onsists of permutation tableaux with semiperimeter
n suh that no row is empty (i.e. eah row ontains at least one blak dot). We
dene Ψ on the set ATn(2n): it ats on a tableau T by deleting all empty rows.
See Figure 1. Clearly Ψ(T ) ∈ DT (n) for some n.
We now dene a map Θ on DT (n) (illustrated in Figure 4), whih will be the
inverse of Ψ, and ats by inserting preisely n empty rows into the tableau T . More
speially, if T ∈ DT (n) with partition shape (λ1, λ2, . . . , λk), then Θ(T ) is the
tableau whih results after performing the following algorithm:
• For every i suh that 1 ≤ i ≤ k−1, insert λi−λi+1+1 empty rows between
the ith and (i+ 1)st rows of T , whose rows lengths are (λi, λi, λi − 1, λi −
2, λi − 3, . . . , λi+1 + 1).
• Insert λk + 1 empty rows after the kth (last) row of T , whose row lengths
are (λk, λk, λk − 1, λk − 2, . . . , 2, 1).
Figure 4.
The following lemma is obvious.
Lemma 6. Let pi be an alternating permutation. If k onseutive entries are xed
points, then k ≤ 2. Furthermore, if two onseutive entries ai and ai+1 are xed
points, then ai < ai+1 and i is even.
We now give a seond proof of Theorem 2.
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Proof. We need to prove that Ψ gives a bijetion from ATn(2n) to DT (n), whose
inverse is Θ. It is obvious that Θ is an injetion, that Ψ◦Θ is the identity, and that
if T is a tableau orresponding to a derangement then Θ(T ) has n xed points.
However, we need to show that Θ(T ) is alternating and that Ψ is an injetion.
We will rst show that Ψ is an injetion. Suppose we are trying to insert n empty
rows into T , so as to get a tableau T ′ orresponding to an alternating permutation
pi. Clearly the rst row of the resulting tableau T ′ annot be empty, beause then
pi(1) = 1 violates the requirement than pi(1) > pi(2). Additionally, by Lemma 6, we
annot have three onseutive empty rows of the same length.
Consider two onseutive rows in T whih have lengths t ≥ s. Let us try to
maximize the number of empty rows that we an insert between these rows, suh
that the resulting permutation pi will be alternating. Suppose these rows have
lengths r1, r2, . . . , rm, with t ≥ r1 ≥ r2 ≥ · · · ≥ rm ≥ s. As before, there annot
be three onseutive ri's whih are equal. Furthermore, note that after the rows of
length t, there annot be two empty rows of the same length. Indeed, if there were
two suh rows (say with vertial edge labels j and j+1) then sine j−1 is the label
of a horizontal step of the tableau  i.e. the position of a nonexedane  we would
have pi(j − 1) < j − 1, pi(j) = j, and pi(j) = j + 1. This violates the requirement
that pi be alternating.
So the best we ould hope for is to have empty rows of lengths t, t, t − 1, t −
2, . . . , s + 1, s. But in fat we annot have an empty row of length s. If we did,
then if j is the label of the vertial step of this row, then we would have pi(j− 1) <
j − 1 (sine j − 1 would be the label of a horizontal step, hene a position of a
nonexedane). Additionally, we would have pi(j) = j and pi(j + 1) ≥ j + 1, and
these three entries would violate the requirement that pi be alternating.
Therefore if we want to insert n empty rows into T suh that the resulting
permutation is alternating, then our only hoie is to use the algorithm desribed
in the denition of Θ. Therefore Ψ is an injetion.
Finally it remains to show that the permutation orresponding to Θ(T ) is alter-
nating. Consider two onseutive rows of lengths λi and λi+1 in T , and suppose
that the vertial olumn labels orresponding to these rows are j and k. We will
show that the entries of the orresponding permutation from positions j to k are
alternating. Sine the row of length λi has at least one dot, we have pi(j) > j. Sine
j + 1 and j + 2 label the vertial steps of empty rows, we have pi(j + 1) = j + 1
and pi(j + 2) = j + 2. Sine j + 3 labels a horizontal step, pi(j + 3) < j + 3 (and
hene less than j + 2 sine pi(j + 2) = j + 2). Sine j + 4 labels a vertial step,
pi(j+4) = j+4. Continuing in this fashion, we nally hek that pi(k− 2) = k− 2,
pi(k − 1) < k − 1 (hene less than k − 2), and pi(k) > k. Clearly pi is alternating
between the positions j and k, and sine the same argument an be applied to the
remaining positions of pi, we are done.

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